We study the dynamics of discrete vector solitons in arrays of weakly coupled birefringent optical waveguides with cubic nonlinear response. We start with a modulational instability analysis, followed by approximate analytical solutions in the form of strongly localized modes. Next, we compute the effective Peierls-Nabarro potential for these modes and obtain the spatial average of the power transfer between both polarizations modes as a function of their relative phase. Finally, we combine the concepts of polarization mode instability with discreteness-induced beam trapping by the array, and demonstrate numerically the amplification of a weak signal by a strong pump of the other polarization, combined with simultaneous discretized all-optical switching.
I. INTRODUCTION
The study of discrete spatial solitons has attracted a lot of attention during the last years because of many successful experimental observations of such solitons in different lattice systems, including arrays of weakly coupled optical waveguides in AlGaAs semiconductor structures ͓1͔, optically induced photonic lattices in photorefractive materials ͓2͔, and voltage-controlled waveguide arrays in nematic liquid crystals ͓3͔ ͑see also a number of comprehensive review papers ͓4͔͒.
Discrete spatial solitons have been first introduced as spatially localized nonlinear modes of weakly coupled optical waveguides, which can exist due to a balance between discrete diffraction in the array and nonlinear response of the waveguide material ͓5͔. A standard theoretical approach to study discrete spatial optical solitons is based on the derivation of an effective discrete nonlinear model and the analysis of its stationary localized solutions-discrete localized modes ͓6͔.
As localized modes of discrete nonlinear models, such discrete solitons appear in many diverse areas of physics ͓7͔. For example, they have been theoretically predicted to exist in many systems, including the Bose-Einstein condensates loaded onto an optical lattice ͓8͔, electronic transport in crystals, biopolymer chains ͓9͔, etc. More importantly, the discrete solitons ͑also called "discrete breathers"͒ have been observed in a number of different physical systems such as low-dimensional molecular crystals ͓10͔, antiferromagnetic chains ͓11͔, arrays of Josephson junctions ͓12͔, and micromechanical oscillator arrays ͓13͔.
In optical waveguide arrays, both propagation and steering of scalar discrete solitons have been studied more extensively because of potential applications for all-optical switching devices. These studies include, for example, trapping, reflection, and refraction of discrete solitons in waveguide arrays with defects ͓14͔, and soliton switching in waveguide arrays with quadratic nonlinear response ͓15͔. Recently, we suggested ͓16,17͔ to control multiport switching of discrete solitons in waveguide arrays by engineering the coupling between the neighboring waveguides: this induces a change of the dynamic properties of the array through the modification of the effective Peierls-Nabarro ͑PN͒ potential, a nonlinear discreteness-induced potential that is responsible for the transverse dynamics and steering of discrete solitons in waveguide arrays ͑see, e.g., Refs. ͓18,19͔͒. This year Kartashov et al. ͓20͔ showed that in the quasicontinuous limit a similar digital switching effect can be observed opening many possibilities for observation in real experiments.
Most of the earlier studies analyzed the properties of scalar discrete solitons. However, the nonlinear cubic waveguides that constitute the array are always birefringent; thus we can expect a very rich dynamics via coupling between the orthogonal polarizations ͑see, e.g., Ref. ͓6͔͒. One of the major results in the study of the polarization dynamics in homogeneous systems is the existence of polarization instability demonstrated for birefringent optical fibers ͓21,22͔ and planar optical waveguides ͓23-25͔. As a consequence of this instability, the fast modes become unstable whereas slow modes remain stable, and the instability dynamics results in the energy exchange between the polarizations. The definitions of the transverse electric ͑TE͒ modes and the transverse magnetic ͑TM͒ modes as slow or fast depends on the system geometry. In AlGaAs optical waveguides the TE mode is slow and, therefore, it constitutes a stable mode ͓25͔.
Vector solitons have been suggested for different schemes of all-optical switching, e.g., by employing collisions between orthogonally polarized solitons with ͓26͔ or without ͓27͔ four-wave mixing ͑FWM͒ effects. The FWM effect is responsible for the energy exchange between the two orthogonal ͑TE and TM͒ polarization modes. The theory of discrete vector solitons developed so far does not include the analysis of the FWM effects ͑as an example, see Ref.
͓28͔͒.
However, the first experimental studies of the vectorial interactions in waveguide arrays and observation of discrete vector solitons ͓29͔ suggest the importance of the FWM effects by demonstrating that the initial phase between the TE and TM modes defines the energy exchange between the modes due to coupling between two orthogonal polarizations.
In this paper, we study the dynamics of discrete vector solitons in arrays of weakly coupled birefringent optical waveguides with cubic nonlinear response, taking into consideration recent experimental observations ͓29͔. First, we find approximate analytical solutions for strongly localized vectorial modes. Using these modes, we study the energy transfer between the orthogonal polarizations and polarization mode instability, and also calculate the effective PN potential. Finally, we employ the concept of the polarization instability and discreteness-induced beam trapping by the array and demonstrate a novel approach to all-optical soliton switching, amplification of a weak signal by a strong pump of the other polarization combined with simultaneous discretized switching.
II. VECTOR DISCRETE NONLINEAR SCHRÖDINGER EQUATIONS
We describe propagation of light in arrays of weakly coupled birefringent waveguides ͓29͔ by using the couplemode theory combined with the slowly varying envelope approximation. Then, the mode dynamics is described by discrete dynamical equations of the form,
where u n and v n are the normalized envelopes of the TE and TM electric field components, respectively, z is the propagation distance, C is the coupling parameter being the same for both polarizations ͑both modes have similar transversal extensions͒, the coefficients A and B characterize the crossphase modulation and FWM effects, respectively ͑being both normalized to the self-focusing term͒. Figure 1 shows a schematic transversal view of the waveguide array, where the orthogonal polarizations have been chosen along the x and y directions. For the Al x Ga 1−x As waveguide arrays ͓29͔ the parameters are A =1, B = 0.5, and the TE mode corresponds to the slow wave whereas the TM mode-to the fast wave. To consider the nonlinear Kerr effect in a experiment using Al x Ga 1−x As, it is necessary to take the photon energies below one-half of the semiconducting band gap energy ͑ប Ͻ E g /2͒. In such material this energy corresponds to a Ϸ 1.5 m, where the linear and nonlinear absorption effects are minimized ͓30͔.
The normalized power and Hamiltonian are given by
and they are conserved by the dynamics. These quantities play an important role in the theoretical analysis, in checking numerical accuracy, and in the real power estimation for the switching-amplification process ͑for Al x Ga 1−x As waveguides ͓29͔, P real Ϸ 56P͓W͔͒. Equations ͑1͒-͑3͒ indicate explicitly that the slow and fast modes are not equivalent. This is confirmed, for example, by numerical simulations of the nonlinear dynamics of both slow and fast modes. Moreover, it is easy to see that the Hamiltonian for the slow wave is lower than for the fast wave. This suggests that the fast wave may become unstable with respect to its transformation into the slow wave. In the next section, we study this issue in detail.
III. MODULATIONAL INSTABILITY
We study modulational instability ͑MI͒ of finite-amplitude solutions of the discrete vectorial model. We employ a standard analytical approach ͓31͔ and consider the evolution of a weakly perturbed finite-amplitude plane waves u n ͑z͒ = ͓u 0 
, where the amplitudes u 1 , u 2 * , v 1 , and v 2 * , are assumed to be small, where Q and K are the wave vector parameters of the perturbation. The modulational instability gain G can be defined as G ϵ Im͓K͔. The instability regions corresponds to the condition G Ͼ 0, while for G Ͻ 0, the plane wave solutions are stable. The results of the MI analysis suggest that when plane waves are unstable, we can expect the formation of spatially localized structures in the waveguide array, the so-called discrete vector solitons.
After substituting these weakly perturbed plane waves into the dynamical Eqs. ͑1͒ and after applying a standard 056613-2 analysis ͓31͔, we obtain a simple quadratic equation for
, where u = cos q u and v = cos q v describe the structure of the carrier waves in both the components. In particular we are interested in unstaggered modes, that imply to take q u = q v =0 ͑for staggered modes we need to take q u = q v = ͒. After solving the quadratic equation, we obtain for the MI gain,
For B = 0, expression ͑4͒ is close to the MI gain for the two-component coupled discrete fields of Refs. ͓32,33͔. The effect of the FWM term is to decrease the necessary power to observe the modulational instability. The energy exchange between orthogonal polarizations improve the instability of plane waves allowing the formation of localized structures like discrete vector solitons.
To identify the regions of instability, in Fig. 2 we display the results of our analysis in the form of a contour plot in ͑u 0 , v 0 ͒ space where the more clear regions correspond to larger values of the MI gain, whereas darker regions correspond to lower or zero MI gain. In Fig. 2 the coupling parameter is weak, C = 0.1, and we can see that discrete solitons are expected for u 0 = v 0 տ 0.4.
The results for MI in the vectorial case that follow from Eq. ͑4͒ can be shown to reduce to the results for the scalar case studied earlier ͓31͔. Indeed, taking one of the amplitudes equal to zero, or the nonlinear couplings A = B =0, or by taking B = 0 and imposing that both modes possess equal amplitude, we obtain a 2 = 0 and G = ± ͱ a 1 , and the expression reduces to the scalar MI gain from Ref. ͓31͔,
Having identified the regions of modulational instability, we proceed now with the analysis of the localized modes, the energy transfer between the polarizations, and the calculation of the PN barrier that controls the transversal dynamics of the discrete solitons. To keep the description simple and obtain closed-form analytical expressions, we restrict our study by the case of strongly localized modes ͑SLM͒. This restriction to SLMs is, however, of great technological importance when trying to control the power exchange and steering of these modes for all-optical computing or communications purposes. Therefore, our focus is primarily on narrow optical solitons.
IV. STRONGLY LOCALIZED MODES
First, we find the profiles of strongly localized modes of the simplest odd symmetry. We use the standard ansatz,
where U and V are the amplitudes, k u and k v are the transverse components of the wave vectors ͑which describe initial kicks applied to the components͒, the parameters and ␦ characterize the mode decay for the TE and TM components, and they are assumed to be small. After substituting this ansatz into Eq. ͑1͒ and keeping only the first-order terms in ⑀ and ␦, we obtain
Similarly, we find the profiles of strongly localized even modes, using the other ansatz,
where Ū and V are the mode amplitudes, k u and k v are the transverse components of the wave vectors, and ␦ are small parameters. To first order we obtain
͑Color online͒ Gain of modulational instability as a function of the mode amplitudes, u 0 and v 0 , for C = 0.1. No instability exists in the darkest area.
From Eqs. ͑7͒ and ͑8͒, it follows that our assumptions that all parameters ⑀, ␦, ⑀, ␦ are small can always be satisfied for small values of the coupling parameter and high enough mode amplitudes. We varied both, the mode amplitudes U = V, and the coupling parameter C, and confirmed numerically that the threesite analytical solutions approximate well the modes with large enough amplitudes or weak enough waveguide coupling. These modes display stability properties in agreement with Fig. 2 . A complete analysis of the families of localized modes and their linear stability is still an open problem, and it is beyond the main scope of this paper.
V. POWER TRANSFER

A. General comments
The analysis presented above corresponds to the symmetric mode profiles and stable mode propagation. However, similar to the continuous cases of two-mode polarization dynamics ͓21-25͔, the TE and TM polarization modes exchange their powers while traveling along a waveguide array. Moreover, this effect can be reversed if we change the initial phase difference between the polarizations at the array input.
In order to get a deeper insight into the polarization instability dynamics and to study the mechanism of the power exchange, we study the partial powers in more detail. From conservation of the total power P, it follows that
i.e., as one of the polarizations gains extra power the other one loses it in the very same amount. Using the dynamical Eqs. ͑1͒, it is easy to show that
which highlights the role played by the FWM coupling terms in the power exchange. In the absence of FWM effects, i.e., for B = 0, there are two conservation laws, two conserved powers, while in the presence of B these restrictions are relaxed and only the total power is conserved, opening the route for the exchange of powers between the components. Also, the change of the relative phase between the polarization modes along the propagation direction z is important for the power exchange, if the relative phase is zero ͑e.g., both the fields can be treated as real͒, the power exchange is absent. Thus, the initial phase between the modes is a very important quantity that determines the polarization mode dynamics. In order to pursue this idea analytically and examine the power transfer mechanism in detail, we employ the approximation of strongly localized modes used before, in Sec.
IV. This approximation is very useful because, aside from simplifying the mathematical problem considerably, it still describes correctly the dynamics of different kinds of very localized input states which can be realized in experiment.
B. Analytical results
From Eq. ͑10͒, we notice that in the limit of strongly localized modes, only the contribution of the central waveguide field is important while other terms are proportional to the small parameter We obtain,
This implies,
͑12͒
where
After integrating this expression, we find the approximate power variation in z,
On the other hand, to first order in ⑀ , ␦ and assuming small transversal momenta k u , k v , we find u Ϸ 1+͑C / ⑀͒ =1+U 2 + ͑A + B͒V 2 , and v Ϸ −1 + ͑C / ␦͒ =−1+V 2 ͑A + B͒U 2 . This implies, ⌬ Ϸ 2−͑A + B −1͒͑U 2 − V 2 ͒. Thus, the power variations in z are approximately given by
From these, we find the spatial average output powers for both modes,
Equations ͑15͒ describe, in a very simple way, the dependence of the power transfer on the relative phase between the polarization modes. For the linear polarization ͑i.e., ⌬ =0,͒, the TE mode gains extra power from the TM mode. On the other hand, if the initial polarization is elliptic ͑⌬ = /2͒, the power exchange process becomes reversed, and Eq. ͑15͒ shows that the TM mode gains some power from the TE mode.
C. Numerical results
In Fig. 3 , we show the contour plots of the average TE output power for weak coupling ͑C = 0.1͒ as a function of the amplitudes of both modes. We present also a comparison between our theoretical predictions ͑left column͒ based on Eqs. ͑15͒, and direct numerical simulations ͑right column͒ based on integration of Eqs. ͑1͒. In Figs. 3͑a͒ and 3͑b͒, i.e., for the case of linear polarization, the tendency is that for bigger amplitudes of the modes, bigger TE output power is achieved. In this case, the gain for the TE mode from the TM mode is about ϳ25%. In Figs. 3͑c͒ and 3͑d͒, i.e., for the case of elliptic polarization, the TE output power is always lower than the TE input power, and the TM mode gains up to ϳ25% of the TE mode power. In Figs. 3͑e͒ and 3͑f͒ , there is no power gain, and this corresponds to the dynamics without exchange of power, on average. The three cases presented in Fig. 3 show a very good agreement between direct numerical results and our theoretical approximation, for the power transfer and the minimum and maximum TE power expected at the output. The average TM mode output power can be calculated as ͗P v ͘ϷU 2 + V 2 − ͗P u ͘. In Figs. 3͑a͒, 3͑c͒ , and 3͑e͒, we marked three points labeled as P1, P2, and P3. For all of them, U = V = 0.95. In Fig.  4 , we show the power evolution at these points in the z direction. We display the dynamics for two z intervals, from 0 to 5 ͑left-hand side͒, and from 95 to 100 ͑right-hand side͒. Our main idea is to compare the initial and final dynamics and observe if our approximation is good at the beginning and the end of the waveguide array. In this figure, we exhibit numerical ͑bold͒, theoretical ͑gray͒, and average theoretical ͑horizontal line gray͒ results for the power dynamics of the TE ͑solid͒ and TM ͑dashed͒ modes. Figure 4 shows a very good agreement between the theoretical and numerical results. In Fig. 4͑a͒ ͑point P1͒, the TE mode acquires power from the TM mode at the output, for the case of linear initial polarization. Also, the average power prediction from Eqs. ͑15͒ seems to work very well. Figure 4͑b͒ ͑point P2͒ shows the opposite power dynamics. For an elliptic initial polarization, the TM mode gains power from the TE mode. Also in this case, the average power prediction works very well, too. In Fig. 4͑c͒ ͑point P3͒, the average power estimation is still in good agreement with the numerical results, but it fails to describe the details of the power dynamics.
The physics of the power transfer mechanism observed in the interaction between the TE and TM modes is explained by the specific properties of birefringence of the cubic nonlinear response, and it is similar to the case of a homogeneous medium. If we consider only the linear terms of birefringence from Eqs. ͑1͒ for n = 0, it is easy to show that the power variation for both modes has the form
where the ϩ and Ϫ signs represent the lineal and elliptic initial polarization cases, respectively. Now, let us exchange the birefringence. This implies TE↔ TM⇒ fast wave → slow wave⇒ sin͑4z͒ → −sin͑4z͒. As a result,
This demonstrates that birefringence plays an important role in the dynamics of the modes. Choosing an elliptical initial polarization, is the same as changing the sign of the birefringence, and therefore exchanging the slow and fast waves.
VI. PEIERLS-NABARRO POTENTIAL
To understand the transversal dynamics of the discrete vector solitons, we calculate the Peierls-Nabarro barrier. Using the power and Hamiltonian from Eqs. ͑2͒ and ͑3͒, and assuming strong localization of the odd and even nonlinear modes described by Eq. ͑6͒ and Eq. ͑8͒, we can estimate the mode power and the Hamiltonian,
where we take k u = k v = k. Next, and for the sake of simplicity, we take U = V and Ū = V . Following a standard procedure ͓17-19͔, we consider the odd and even modes as two different states of the same nonlinear mode shifted by a half of the array period. This implies that the power should be the same for both modes, i.e., P odd = P even . With these assumptions, we evaluate the value of the Hamiltonian for these two modes, in terms of the mode amplitude U,
Finally, an estimate for the Peierls-Nabarro barrier is obtained by subtracting the values of both Hamiltonians, ⌬H ϵ H odd − H even ,
This expression is similar to the scalar case discussed before ͓17͔, but it includes the effect of renormalization due to the cross-phase modulation coupling. Result ͑19͒ means that at high powers and for small initial transversal momentum ͑or kick͒, the discrete vector soliton is not able to propagate across the waveguide array, because it needs to overtake the effective energy barrier which is very deep; the discrete soliton gets trapped at the input waveguide. At low powers and a finite initial kick, the effective trapping energy is low and the discrete soliton can travel FIG. 4 . Numerical ͑bold͒, analytical ͑gray͒, and average analytical ͑horizontal gray line͒ results for the power evolution of the TE ͑solid͒ and TM ͑dashed͒ modes, at C = 0.1. Dynamics is shown in two different ranges of z. Left, z =0-5. Right, z = 95-100. Cases ͑a͒, ͑b͒, and ͑c͒ represents the points P1, P2, and P3 in Figs. 3͑a͒, 3͑c͒ , and 3͑e͒, respectively. across the waveguide array. At intermediate powers, the discrete soliton travels across the array for some distance from the input waveguide, and then gets trapped in some waveguide because of the nonlinearity. This kind of dynamics is a feature of nonlinear discrete systems, and it was recently suggested for multiport all-optical switching ͓16,17͔.
VII. MULTIPORT DISCRETIZED ALL-OPTICAL SWITCHING
The results obtained so far suggest that there is a polarization instability where the flow of power could be directed by an appropriate choice of the initial relative phase between the TE and TM modes. Also, and due to the interplay of discreteness and nonlinearity, the lateral propagation of the optical soliton can be controlled by means of a judicious kick or amplitude tuning ͓16,17͔. In this section we examine the combined switching or amplification of a narrow input beam, by solving Eq. ͑1͒ numerically. The beam profile is chosen in the form of a highly truncated sechlike profile ͓16,17͔,
for n − n cu = n − n cv =0, ±1, and u n ͑0͒ = v n ͑0͒ = 0, otherwise. Parameters u 0 and v 0 are the initial amplitudes, k u and k v are the initial kicks ͑the input angles͒, n cu and n cv are the initial soliton coordinates, and u and v are the initial mode phases for the TE and TM polarization components, respectively. From previous works ͓16,17͔, we know that this ansatz works well for the case of scalar modes when the model is reduced to the discrete nonlinear Schrödinger ͑DNLS͒ equation. We point out that the choice of the initial input is not a crucial issue; the discrete soliton is a self-adjusting mode, and the energy excess is liberated in the form of radiation modes ͓23͔. We have made numerical simulations with other profiles, such as strongly localized modes and discretized Gaussian modes, and the dynamic behavior is similar, although the sechlike input seems to work better. The idea is to control a small TE ͑or TM͒ signal beam by means of a TM ͑or TE͒ kicked pump. In numerical simulations, we take z max = 50 and an array of 110 waveguides. The value of the coupling parameter, C = 0.92, is taken from recent experiments ͓29͔. We use a small unkicked signal with an initial power of 0.03 ͓which corresponds to the dimension power ϳ1.68 ͑Watts͔͒. In the absence of a pump mode, the signal diffracts in the array and no discrete vector soliton is formed. In the presence of a strong pump, the power transfer is observed with the gain calculated as G ϵ͓͗P u,v ͑z max ͒͘ − P u,v ͑0͔͒ / P u,v ͑0͒. The coupled dynamics of two polarization components leads to the formation of a discrete vector soliton that can be switched by varying the input kick. Figure 5 shows results of multiport switching through the coupling of the TE and TM modes. Figure 5͑a͒ shows an example of the eight-site switching. In this case, the gain power for the TE mode is of ϳ90%. In Fig. 5͑b͒ there is no switching, and the gain for the TE mode is very high, ϳ6000%. A four-site switching is shown in Fig. 5͑c͒ where the initial polarization is elliptical. The gain for the TM mode is ϳ45%. Finally, Fig. 5͑d͒ shows no switching of both modes, with the gain of ϳ30%.
VIII. CONCLUSIONS
We have studied the properties of discrete vector solitons in arrays of weakly coupled birefringent optical waveguides with cubic nonlinear response. We have analyzed the effects of vectorial interaction on modulational instability, and obtained the profiles of strongly localized nonlinear modes. We have studied the polarization mode instability in the case of strongly localized solitons and demonstrated that the instability and power exchange between the TE and TM polarization components can be controlled by choosing the initial phase. We have calculated the effective Peierls-Nabarro potential for the discrete vector solitons and demonstrated how to employ the concepts of polarization instability and discreteness-induced beam trapping for achieving simultaneous switching and amplification of a weak signal by a strong pump of the other polarization.
